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Abstract
Some common fixed point theorems due to Aamri and El Moutawakil [M. Aamri, D. El Moutawakil,
Some new common fixed point theorems under strict contractive conditions, J. Math. Anal. Appl.
270 (2002) 181–188] and Pant and Pant [R.P. Pant, V. Pant, Common fixed points under strict con-
tractive conditions, J. Math. Anal. Appl. 248 (2000) 327–332] proved for strict contractive mappings
in metric spaces are extended to symmetric (semi-metric) spaces under tight conditions. Some re-
lated results are derived besides discussing illustrative examples which establish the utility of results
proved in this note.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction with preliminaries
It is well known that contractive conditions do not ensure the existence of fixed points
(e.g., X = [1,∞), T :X → X, and T (x) = x + 1/x) unless the underlying metric space
is assumed to be compact or the contractive conditions are replaced by relatively stronger
conditions such as Banach type contraction condition (e.g., [3,5,10]) or Meir–Keeler type
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M. Imdad et al. / J. Math. Anal. Appl. 320 (2006) 352–360 353condition (e.g., [2,4,7–9]). Recently, Pant and Pant [10] (also see Pant et al. [11] for correc-
tions), and Aamri and El Moutawakil [1] obtained some relatively more general common
fixed point theorems for strict contractive conditions in metric spaces.
Our main objective is to obtain some results on coincidence and fixed points without
continuity requirements satisfying a slightly more general contractive condition which ad-
mits a nonmetric distance function d with the property that sequence {xn} converges to x
if and only if d(xn, x) → 0. We choose symmetric spaces as well as semi-metric spaces as
our underlying spaces.
In what follows, we discuss the relevant definitions and motivations.
Definition 1.1. A symmetric on a set X is a function d :X × X → [0,∞) such that for all
x, y ∈ X
(i) d(x, y) = 0 ⇔ x = y;
(ii) d(x, y) = d(y, x).
If d is symmetric on a set X, then for x ∈ X and  > 0, we write S(x, ) = {y ∈
X: d(x, y) < }. A topology τ(d) on X is given by U ∈ τ(d) if and only if for each
x ∈ X, B(x, ) ⊂ U for some  > 0. A set S ⊂ X is a neighbourhood of b ∈ X iff there
exists U∈ τ(d) such that b ∈ U ⊂ S. A symmetric d is a semi-metric if for each x ∈ X and
for each  > 0,B(x, ) is a neighbourhood of x in the topology τ(d).
Definition 1.2. A semi-metric space X is a topological space whose topology τ(d) on X is
induced by semi-metric d . In what follows symmetric space as well as semi-metric space
will be denoted by (X,d).
The distinction between a symmetric and a semi-metric is evident as one can easily
construct a symmetric d such that S(x, ) need not be a neighbourhood of x in τ(d). For
a symmetric d on X the following two axioms were given by Wilson [12]:
(W3) Given {xn}, x and y in X, d(xn, x) → 0 and d(xn, y) → 0 imply that x = y.
(W4) Given {xn}, {yn} and an x in X, d(xn, x) → 0 and d(xn, yn) → 0 imply that
d(yn, x) → 0.
Here it may be noted that for a semi-metric d if τ(d) is Hausdorff, then (W3) holds.
Now we state some weak commutativity conditions from the literature which are rele-
vant in the present context and can be adopted to the setting of symmetric (semi-metric)
spaces.
Definition 1.3. [6] A pair of self-mappings (f, g) on a symmetric (semi-metric) space
(X,d) is said to be R-weakly commuting if there exists some real number R > 0 such that
d(fgx,gf x)Rd(f x,gx)
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x ∈ X there exists R > 0 such that
d(fgx,gf x)Rd(f x,gx).
Here it may be noted that on the points of coincidence R-weak commutativity is equiv-
alent to commutativity and remains a necessary minimal condition for the existence of
common fixed points of contractive type mappings.
Definition 1.4. [3] A pair of self-mappings (f, g) on a symmetric (semi-metric) space
(X,d) is said to be compatible if
lim
n→∞d(fgxn, gf xn) = 0
whenever {xn} is a sequence in X such that limn→∞ f (xn) = limn→∞ g(xn) = t ∈ X.
Here it may be noted that R-weakly commuting mappings need not be compatible.
Definition 1.5. [4] A pair of self-mappings (f, g) on a symmetric (semi-metric) space
(X,d) is said to be weakly compatible (or coincidentally commuting) if f x = gx implies
fgx = gf x.
Definition 1.6. A pair of self-mappings (f, g) on a symmetric (semi-metric) space
(X,d) is said to be noncompatible if there exists at least one sequence {xn} such that
limn→∞ f (xn) = limn→∞ g(xn) = t for some t ∈ X but limn→∞ d(fgxn, gf xn) is either
non-zero or nonexistent.
Definition 1.7. [1] A pair of self-mappings (f, g) on a symmetric (semi-metric) space
(X,d) is said to enjoy property (E–A) if there exists a sequence {xn} such that
limn→∞ f (xn) = limn→∞ g(xn) = t for some t ∈ X.
Clearly noncompatible pairs satisfy property (E–A).
Our main objective in this note is to extend some fixed point theorems due to Pant and
Pant [10, Theorems 2.1 and 2.3], Aamri and El Moutawakil [1, Theorem 1] and others to
a symmetric (semi-metric) spaces. We observe that results contained in [1,10] hold good
(up-to coincidence points) even in symmetric spaces (semi-metric spaces) for a slightly
general contractive condition besides the possibility of tightening other conditions as well.
Some related results are derived besides furnishing illustrative examples which establish
the utility of the results proved in this note.
2. Results
Our main result runs as follows:
Theorem 2.1. Let (X,d) be a symmetric (semi-metric) space that enjoys (W3) (the Haus-
dorffness of τ(d)). Let f and g be two self-mappings of X such that
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(ii) for all x = y ∈ X
d(gx,gy) < max
{
d(f x,fy),
k
2
[
d(gx,f x) + d(gy,fy)],
k
2
[
d(gy,f x) + d(gx,fy)]
}
, (2.1.1)
1  k < 2. If f (X) be d-closed (τ (d)-closed) subset of X, then f and g have a point of
coincidence.
Proof. Firstly, one needs to note that a sequence {xn} in a semi-metric space (X,d) con-
verges to a point x in τ(d) iff d(xn, x) → 0. To substantiate this, suppose xn → x and
let  > 0. Since S(x, ) is a neighbourhood of x there exists U ∈ τ(d) such that x ∈ U ⊂
S(x, ). Since xn → x there is a m ∈ N (the natural number) such that xn ∈ U ⊂ S(x, ) for
nm so d(xn, x) <  for nm, i.e., d(xn, x) → 0. The converse part is obvious in view
of the definition of τ(d).
Now in view of (i), there must exists a sequence {xn} in X with t ∈ X such that
limn→∞ g(xn) = limn→∞ f (xn) = t ∈ X.
As f (X) is d-closed, every convergent sequence of points of f (X) has a limit in f (X),
therefore limn→∞ f (xn) = b = f (a) = limn→∞ g(xn) for some a ∈ X which in turn yields
that t = f (a) ∈ f (X). Now we assert that f (a) = g(a). If it is not so then in view of
(2.1.1), one gets
d(gxn, ga) < max
{
d(f xn,f a),
k
2
[
d(f xn, gxn) + d(ga,f a)
]
,
k
2
[
d(f a,gxn) + d(f xn, ga)
]}
which on letting n → ∞, reduces to
d(f a,ga)max
{
k
2
d(ga,f a),
k
2
d(f a,ga)
}
< d(f a,ga)
yielding thereby f a = ga, which shows that a is a point of coincidence for f and g.
The same proof works for the alternate statement. This completes the proof. 
The following variant of Theorem 2.1 also remains true.
Theorem 2.2. Theorem 2.1 remains true if d-closedness (τ (d)-closedness) of f (X) is
replaced by d-closedness (τ (d)-closedness) of g(X) along with g(X) ⊂ f (X) retaining
the rest of the hypotheses.
Proof. Since f and g enjoy property (E–A), we have limn→∞ f (xn) = limn→∞ g(xn) =
g(a) = t ∈ X for some a ∈ X as g(X) is a d-closed subset of X. Now due to g(X) ⊂ f (X)
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then using (2.1.1) one obtains
d(gxn, gb) < max
{
d(f xn,f b),
k
2
[
d(gxn,f xn) + d(gb,f b)
]
,
k
2
[
d(gb,f xn) + d(gxn,f b)
]}
which on letting n → ∞, reduces to
d(ga,gb)max
{
k
2
d(gb,ga),
k
2
d(gb,ga)
}
< d(ga,gb)
yielding thereby ga = gb = f b as desired. 
Like Pant and Pant [10], Theorems 2.1 and 2.2 ensure common fixed point instead
of point of coincidence if contractive condition (2.1.1) is replaced by a slightly weaker
condition. In this regard we have
Theorem 2.3. In the setting of Theorems 2.1 and 2.2, f and g have a unique common
fixed point provided f and g are weakly compatible and contraction condition (2.1.1) is
replaced by the following: for all x = y ∈ X
d(gx,gy) < max
{
d(f x,fy),
k
2
[
d(gx,f x) + d(gy,fy)],
1
2
[
d(gy,f x) + d(gx,fy)]
}
, (2.3.1)
where 1 k < 2.
Proof. In view of Theorems 2.1 and 2.2, f and g have a point of coincidence a i.e., f (a) =
g(a). Now due to weak compatibility one can write fg(a) = ff (a) = gg(a) = gf (a). If
gg(a) = g(a), then (2.3.1) implies
d(ga,gga) < max
{
d(f a,fga),
k
2
[
d(ga,f a) + d(gga,fga)],
1
2
[
d(gga,f a) + d(ga,fga)]
}
< d(ga,gga),
a contradiction. Hence ga = gga = gf a = fga = ff a, which shows that ga is a common
fixed point of f and g. Uniqueness of the common fixed point follows easily. 
Remark 2.1. Theorem 2.3 generalizes relevant fixed point theorems due to Aamri and
El Moutawakil [1] and Pant and Pant [10].
We now furnish an example to demonstrate the validity of the hypotheses and degree of
generality of our results over earlier ones especially those contained in [1,10]. Our example
presents a nonmetric setting satisfying the hypotheses of the Theorem 2.3 which, in turn,
establishes the genuineness of our results over all relevant metrical fixed point theorems.
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f,g :X → X as follows:
f (x) =
{
1 − x, if 0 x  12 ,
0, if 12 < x  1,
g(x) =
{ 1
2 , if 0 x 
1
2 ,
3
4 , if
1
2 < x  1.
Clearly f (X) = {0} ∪ [ 12 ,1] is d-closed in X. The pair (f, g) enjoys the property (E–A)
as for the sequence { 12 − 1n } ⊂ [0,1], we have
lim
n→∞f
(
1
2
− 1
n
)
= lim
n→∞g
(
1
2
− 1
n
)
= 1
2
∈ [0,1].
By a routine calculation one can show that the contractive condition (2.1.1) holds for
every x = y ∈ X. Also notice that the f ( 12 ) = g( 12 ) ⇒ fg( 12 ) = gf ( 12 ). Since the topol-
ogy induced by d is usual on [0,1], it will be Hausdorff and therefore condition (W3) is
naturally satisfied. Thus all the conditions of the Theorem 2.3 are satisfied and 12 is the
unique common fixed point of f and g. Here, one needs to note that d is not a metric as
d(0,1) = 1 > 14 + 14 = d(0, 12 ) + d( 12 ,1). Thus all the available metrical common fixed
point theorems cannot be used in the context of this example. Notice that both the maps f
and g are discontinuous at the unique common fixed point “ 12 .”
Here it may be observed that Example 2.1 also satisfies the requirements of Theo-
rems 2.1 and 2.2 as g(X) = { 12 , 34 } ⊂ {0} ∪ [ 12 ,1] = f (X) and g(X) is d-closed. Finally,
it may be mentioned that condition (W3) is also crucial as this ensures the uniqueness of
limit to convergent sequences. It is not difficult to find a symmetric which induces non-
Hausdorff topology such as T1-topology which permits the convergence of a sequence to
more than one limit points (e.g., X = , d(x, y) = 1|x−y| when x = y and d(x, x) = 0 with
xn = n, n ∈ N).
Then next theorem involves a function φ :+ → + which satisfies the following con-
ditions:
(i) φ is nondecreasing on +,
(ii) 0 < φ(t) < t for each t ∈ (0,∞).
Theorem 2.4. Let A,B,S and T be self-mappings of a symmetric (semi-metric) space
(X,d) that enjoy (W3) (the Hausdorffness of τ(d)). Suppose that
(i) A(X) ⊂ T (X),B(X) ⊂ S(X);
(ii) The pair (B,T ) enjoys the property (E–A) and pair (A,S) is weakly compatible (or
alternatively the pair (A,S) enjoys the property (E–A) and pair (B,T ) is weakly
compatible);
(iii) The following inequality holds:
d(Ax,By) φ
(
m(x,y)
)
, (2.4.1)
m(x,y) = max{d(Sx,T y), k2 [d(Ax,Sx)+d(By,T y)], k2 [d(Ax,T y)+d(By,Sx)]},
where 1 k < 2;
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closed)) subset of X.
Then pairs (A,S) and (B,T ) have a point of coincidence.
Proof. Since the pair (B,T ) enjoys the property (E–A), therefore there exists a sequence
{xn} ⊂ X such that limn→∞ Bxn = limn→∞ T xn = t ∈ X. Since B(X) ⊂ S(X) for xn there
exists yn such that Bxn = Syn. Thus in all Bxn → t, T xn → t and Syn → t . Now we assert
that Ayn → t . If not, there must exists a subsequence {Aym} of {Ayn}, a positive number M
and a number γ > 0 such that for each mM , we have d(Ayn, t) γ , d(Aym,Bxm) γ
and
d(Aym,Bxm) φ
(
max
{
d(Sym,T xm),
k
2
[
d(Aym,Sym) + d(Bxm,T xm)
]
,
k
2
[
d(Aym,T xm) + d(Bxm,Sym)
]})
< d(Aym,Sym) = d(Aym,Bxm),
a contradiction. Hence Aym → t .
Suppose that S(X) is d-closed subset of X, then Syn → t and one can find a point u ∈ X
such that Su = t . Now we suppose that Au = Su. Then inequality (2.4.1) implies
d(Au,Bxn) φ
(
max
{
d(Su,T xn),
k
2
[
d(Au,Su) + d(Bxn,T xn)
]
,
k
2
[
d(Au,T xn) + d(Bxn,Su)
]})
which on letting n → ∞, yields
d(Au,Su) φ
(
k
2
d(Au,Su)
)
< d(Au,Su),
a contradiction. Hence Au = Su. Since the pair (A,S) is weakly compatible, Au = Su ⇒
ASu = SAu. Also A(X) ⊂ T (X), there exists a point w ∈ X such that Au = Tw. We
assert that Tw = Bw. If not, then using inequality (2.4.1), one gets
d(Au,Bw) φ
(
max
{
d(Su,T w),
k
2
[
d(Au,Su) + d(Bw,T w)],
k
2
[
d(Au,T w) + d(Bw,Su)]
})
= φ
(
k
2
d(Bw,Au)
)
< d(Bw,Au) (as 1 k < 2),
a contradiction. Hence Au = Su = Bw = Tw, which shows that the pairs (A,S) and
(B,T ) have a point of coincidence u and w, respectively.
The proof is similar if we consider the case when pair (A,S) enjoys property (E–A),
(B,T ) is weakly compatible and T (X) is d-closed subset of X. Hence it is omitted. This
completes the proof. 
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rem 2.4.
Theorem 2.5. In the setting of Theorem 2.4, A,B,S and T have a unique common fixed
point provided one adds the weak compatibility of the pair (A,S) (or weak compatibility
of the pair (B,T )) besides replacing contractive condition (2.4.1) with a slightly weaker
condition: for x = y ∈ X
d(Ax,By) φ
(
m(x,y)
)
, (2.5.1)
m(x,y) = max{d(Sx,T y), k2 [d(Ax,Sx) + d(By,T y)], 12 [d(Ax,T y) + d(By,Sx)]}.
Proof. In view of Theorem 2.4, one concludes that Au = Su = Bw = Tw. Now the weak
compatibility of (A,S) implies that ASu = SAu and AAu = ASu = SAu = SSu. Suppose
that Au = AAu; then using (2.5.1), one gets
d(Au,AAu) = d(AAu,Bw)
 φ
(
max
{
d(SAu,T w),
k
2
[
d(AAu,SAu) + d(Bw,T w)],
1
2
[
d(AAu,T w) + d(Bw,SAu)]
})
< d(Au,AAu),
a contradiction. Thus Au = AAu = SAu, then Au is the common fixed point of A and S.
Also Au is a common fixed point of the pair (B,T ). Similarly, one can show that Su,Bw,
and Tw are common fixed points of the mappings A,S,B , and T . Uniqueness of the
common fixed point follows easily. The proof is similar for the other case. This completes
the proof. 
We now give an example to illustrate the above theorem.
Example 2.2. Consider X = [0,1] equipped with the symmetric d(x, y) = (x−y)2. Define
Ax = Bx = x
1 + x , if 0 x  1, Sx = T x = x, if 0 x  1,
and φ :+ → + as
φ(t) =
{ t
1+t , if 0 t  1,
t
2 , if t > 1.
Then
A(X) = B(X) =
[
0,
1
2
]
⊂ [0,1] = S(X) = T (X),
φ is nondecreasing and 0 < φ(t) < t for all t ∈ (0,∞). Since d induces the usual topol-
ogy therefore (W3) is satisfied. The pair (A,S) satisfies the (E–A) property as there is a
sequence { 1
n
} ⊂ [0,1] such that
lim
n→∞A
(
1
)
= lim
n→∞
1 = lim
n→∞S
(
1
)
= lim
n→∞
1 = 0 ∈ X.
n n + 1 n n
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subset of X.
In order to verify contractive condition (2.5.1), if x = 0 and 0 < y  1, then
d(Ax,Ay) =
(
y
1 + y
)2
<
y2
1 + y2 = φ
(
y2
)= φ(d(Sx,Sy)) φ(m(x,y)).
In case x = y and 0 < x < y  1, then
d(Ax,Ay) =
∣∣∣∣ x1 + x −
y
1 + y
∣∣∣∣
2
= |x − y|
2
((1 + x)(1 + y))2 
( |x − y|
1 + |x − y|
)2
<
|x − y|2
1 + |x − y|2 = φ
(|x − y|2)= φ(d(Sx,Sy)) φ(m(x,y)).
Thus all the conditions of Theorems 2.4 and 2.5 are satisfied and 0 is the coincidence as
well as common fixed point of the pair (A,S).
Finally, one may note that Theorem 2.3 due to Pant and Pant [10] cannot be used in the
context of this example due to nonmetric setting besides other improvements realized due
to certain tight conditions.
Acknowledgments
The authors are grateful to the learned referee for his careful reading of entire manuscript besides suggesting
many improvements. The first author is also thankful to University Grants Commission in India for financial
assistance (Project No. F.30-246/2004(SR)).
References
[1] M. Aamri, D. El Moutawakil, Some new common fixed point theorems under strict contractive conditions,
J. Math. Anal. Appl. 270 (2002) 181–188.
[2] J. Jachymski, Common fixed point theorems for some families of maps, Indian J. Pure Appl. Math. 25 (1994)
925–937.
[3] G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. Math. Sci. 9 (1986) 771–779.
[4] G. Jungck, Common fixed points for noncontinuous non-self maps on nonmetric spaces, Far East J. Math.
Sci. 4 (1996) 199–225.
[5] G. Jungck, K.B. Moon, S. Park, B.E. Rhoades, On generalization of the Mier–Keeler type contraction maps:
Corrections, J. Math. Anal. Appl. 180 (1993) 221–222.
[6] R.P. Pant, Common fixed points of noncommuting mappings, J. Math. Anal. Appl. 188 (1994) 436–440.
[7] R.P. Pant, Common fixed points of sequence of mappings, Ganita 47 (1996) 43–49.
[8] R.P. Pant, Common fixed points of contractive maps, J. Math. Anal. Appl. 226 (1998) 251–258.
[9] R.P. Pant, R-weak commutativity and common fixed points, Soochow J. Math. 25 (1999) 37–42.
[10] R.P. Pant, V. Pant, Common fixed points under strict contractive conditions, J. Math. Anal. Appl. 248 (2000)
327–332.
[11] R.P. Pant, V. Pant, K. Jha, Note on common fixed points under strict contractive conditions, J. Math. Anal.
Appl. 274 (2002) 879–880.
[12] W.A. Wilson, On semi-metric spaces, Amer. J. Math. 53 (1931) 361–373.
